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Supersymmetric U(N) Gauge Model and
Partial Breaking of N = 2 Supersymmetry ∗)
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1 Department of Mathematics and Physics, Graduate School of Science,
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3-3-138, Sugimoto, Sumiyoshi-ku, Osaka, 558-8585, Japan
2 Okayama Institute for Quantum Physics,
1-9-1 Kyoyama, Okayama 700-0015, Japan
We review the construction of the N = 2 U(N) gauge model and the analysis of vacua
of the model. On the vacua, N = 2 supersymmetry is spontaneously broken to N = 1,
and the gauge symmetry is broken to a product gauge group
n∏
i=1
U(Ni). The masses of the
supermultiplets appearing on the N = 1 vacua are given. We provide a manifestly N = 2
supersymmetric formulation of the U(N) gauge model coupled with N = 2 hypermultiplets,
and show that N = 2 supersymmetry is partially broken down to N = 1 spontaneously.
§1. Introduction
Until mid nineties, partial breaking of global extended supersymmetries was
thought not to be possible. The statement is as follows:
Start with the N -extended supersymmetry algebra{
Q¯Iα, QJα˙
}
= 2δαα˙δ
I
JH , I, J = 1, ...,N .
This implies that
2H =
∑
α˙
||QIα˙|0〉||2 ∀I .
If QI |0〉 = 0 for some I, then H = 0. This implies that QI |0〉 = 0 for
all I because the right hand side is positive definite. On the other hand,
if QI |0〉 6= 0 for some I, then H > 0. This implies that QI |0〉 6= 0 for all
I. Thus, in an N -extended global supersymmetric theory, either all or no
supersymmetry is spontaneously broken.
Obviously, this does not apply to local supersymmetry, because the Hilbert space
metric is not positive definite. For the rigid case a loophole for this statement is to
use the supercurrent algebra, and the most general form is{
Q¯Jα˙,SmαI(x)
}
= 2(σn)αα˙δ
J
I T
m
n (x) + (σ
m)αα˙CI
J (1.1)
where SmαI are extended supercurrents, Tmn is the stress-energy tensor and CIJ is a
field independent constant matrix, which is permitted by the constraint for the Jacobi
∗) Talk given by H.I. at the international workshop “Frontier of Quantum Physics”, February
17-19, 2005, Yukawa Institute for Theoretical Physics, Kyoto University, Japan, and talk given by
M.S. at the workshop “Progress of Quantum Field Theory and String Theory”, February 6-7, 2006,
Osaka City University Advanced Mathematical Institute (OCAMI), Japan.
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identities.1) The new term does not modify the supersymmetry algebra on the fields.
Partial supersymmetry breaking discussed in the present paper corresponds to this
case.
Besides active researches on the non-linear realization of extended supersym-
metry in the partially broken phase, a model in which linearly realized N = 2
supersymmetry is partially broken to N = 1 spontaneously was given by Anto-
niadis, Partouche and Taylor (APT)2) (see also 3)4)5)). APT model is N = 2
supersymmetric, self-interacting U(1) model with one (or several) abelian N = 2
vector multiplet(s) A6) with electric & magnetic Fayet-Iliopoulos (FI) terms. In
7)8), we have generalized this model to the U(N) gauge model and shown that the
N = 2 supersymmetry is partially broken to N = 1 spontaneously. Further in 9),
we have analyzed the vacua with broken gauge symmetry and revealed the N = 1
supermultiplets on the vacua. In addition, a manifestly N = 2 supersymmetric for-
mulation of the U(N) gauge model coupled with/withoutN = 2 hypermultiplets was
given in 10) by using unconstrained N = 2 superfields on harmonic superspace.11)
We introduce the magnetic Fayet-Iliopoulos term so as to shift the auxiliary field
in N = 2 vector multiplet by an imaginary constant. We find that in presence of
hypermultiplets in the fundamental representation of U(N), the magnetic FI term
develops an additional term which overcomes the difficulty4)5) in coupling funda-
mental hypermultiplets with the APT model. In these models, the renormalizability
is not imposed and the prepotential F appears from the beginning. Thus, our model
should be regarded as a low-energy effective action for systems given by N = 2 bare
actions spontaneously broken to N = 1. See 12)13)14)15) for related references.
This paper is organized as follows. In the next section, N = 2 U(N) gauge
model is constructed by requiring N = 1 U(N) gauge model to be R-invariant.
The R-action is composed of the discrete element of the SU(2) R-symmetry, the
automorphism of N = 2, and a sign flip of the FI D-term. N = 2 supersymmetry
transformations are given in section 3. In section 4, we analyze the vacua of the
model, and find that N = 2 supersymmetry and the U(N) gauge symmetry are
partially broken to N = 1 and∏i U(Ni), respectively. We clarify the mass spectrum
of the model, and reveal the N = 1 supermultiplets on the vacua in section 5. In
section 6, we discuss the N = 2 supercurrents and the “central charge” in (1.1). The
last section is devoted to a manifestly N = 2 supersymmetric formulation of the
U(N) gauge model coupled with N = 2 hypermultiplets, and we show that N = 2
supersymmetry is spontaneously broken to N = 1.
§2. N = 2 U(N) gauge model
We introduce an N = 1 chiral superfield, Φ(xm, θ) = ∑N2−1a=0 Φata, where
N × N hermitian matrices ta (a = 0, ..., N2 − 1) generate u(N) algebra, [ta, tb] =
if cabtc, tr(tatb) =
1
2δab, (t0 generates the overall u(1)). The kinetic term for A
(Φ ∋ (A,ψ, F )) we use is given by the Ka¨hler potential for the special Ka¨hler geom-
Supersymmetric U(N) Gauge Model and Partial Breaking of N = 2 3
etry
LK =
∫
d2θd2θ¯ K(Φa, Φ∗a), K =
i
2
(ΦaF∗a − Φ∗aFa), (2.1)
where Fa = ∂F∂Φa and F is an analytic function of Φ. The Ka¨hler metric gab∗ =
∂a∂b∗K| = ImFab| admits U(N) isometry generated by holomorphic Killing vec-
tors ka = ka
b∂b and k
∗
a = k
∗
a
b∂b with
ka
b = −igbc∗∂c∗Pa, k∗ab = +igcb
∗
∂cPa, (2.2)
where Pa is called as the Killing potential. In the present case, Pa is give by
Pa = −1
2
(Fbf bacA∗c + F∗b f bacAc) . (2.3)
Aa and Fb transform in the adjoint representation of U(N)
kca∂cA
b = f bacA
c, kca∂cFb = −f cabFc . (2.4)
To gauge this isometry, we introduce an N = 1 vector superfields, V (xm, θ, θ¯) =∑N2−1
a=0 V
ata, V
a ∋ (vam, λa,Da). The U(N) gauging is accomplished by adding18)19)
LΓ =
∫
d2θd2θ¯ Γ, Γ =
[∫ 1
0
dα e
i
2
αva(ka−k∗a)vcPc
]
va→V a
. (2.5)
For the gauge kinetic term, we introduce
LW2 = −
i
4
∫
d2θ τabWaWb + c.c. Wα = −1
4
D¯D¯e−VDαeV =Waαta (2.6)
where τab(Φ) is an analytic function of Φ. In addition, we introduce a gauge invariant
superpotential term and the FI D-term20)
LW =
∫
d2θ W (Φ) + c.c. , LD = ξ
∫
d2θd2θ¯V 0 =
√
2ξD0. (2.7)
In summary, the total Lagrangian of the N = 1 U(N) gauge model is
L = LK + LΓ + LW2 + LW + LD . (2.8)
The auxiliary fields are evaluated as
Da = Dˆa − (τ−12 )ab
(
1
2Pb +
√
2ξδ0b
)
, Dˆa = −
√
2
4 (τ
−1
2 )
ab
(
∂dτbcψ
dλc + ∂d∗τ
∗
bcψ¯
dλ¯c
)
,
F a = Fˆ a − gab∗∂b∗W ∗, Fˆ a = −gab∗
(− i4∂b∗τ∗cdλ¯cλ¯d − 12gcb∗,dψcψd),
F ∗a = Fˆ ∗a − gba∗∂bW , Fˆ ∗a = −gba∗
(
i
4∂bτcdλ
cλd − 12gbc∗,d∗ψ¯cψ¯d
)
,
(2.9)
where (τ2)ab = Im τab, and Dˆ
a, Fˆ a and Fˆ ∗a are fermion bilinear terms. Eliminating
auxiliary fields by using the above expressions and defining covariant derivatives by
DmΨa = ∂mΨa − 1
2
fabcv
b
mΨ
c , Ψ = {A,ψ, λ},
D′mψa = Dmψa + Γ abcDmAbψc , vamn = ∂mvan − ∂nvam −
1
2
fabcv
b
mv
c
n , (2.10)
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the total action is summarized as L = Lkin + Lpot + LPauli + LYukawa + Lfermi4 with
Lkin = −gab∗DmAaDmA∗b − 1
4
(τ2)abv
a
mnv
bmn − 1
8
Re τab ǫ
mnpqvamnv
b
pq
+[−1
2
τabλ
aσmDmλ¯b − i
2
gab∗ψ
aσmD′mψ¯b + c.c.] , (2.11)
Lpot = −1
2
(
τ−12
)ab(1
2
Pa +
√
2ξδ0a
)(
1
2
Pb +
√
2ξδ0b
)
− gab∗∂aW∂b∗W ∗, (2.12)
LPauli = [−i
√
2
8
∂cτabψ
cσnσ¯mλavbmn + c.c.] , (2.13)
LYukawa = [−1
2
(
∂a∂bW − gcd∗∂cWgad∗,b
)
ψaψb − i
4
gcd
∗
∂d∗W
∗∂cτabλaλb + c.c.]
+[
(
1√
2
gac∗k
∗
b
c −
√
2
4
(
τ−12
)cd(1
2
Pd +
√
2ξδ0d
)
∂aτbc
)
ψaλb + c.c.] ,
(2.14)
Lfermi4 = [−
i
8
∂c∂dτabψ
cψdλaλb + c.c.] (2.15)
− 1
16
(
τ−12
)ab (
∂dτacψ
dλc + ∂d∗τ
∗
acψ¯
dλ¯c
)(
∂f τbeψ
fλe + ∂f∗τ
∗
beψ¯
f λ¯e
)
−gab∗
(
i
4
∂aτcdλ
cλd − 1
2
gac∗,d∗ψ¯
cψ¯d
)(
− i
4
∂b∗τ
∗
ef λ¯
eλ¯f − 1
2
geb∗,fψ
eψf
)
.
Now, we require that the action is invariant under R-action, R : S → S. The
R-action is composed of a discrete element of the SU(2) R-symmetry, automorphism
of N = 2, and a sign flip of the FI parameter
R :
(
λa
ψa
)
−→
(
ψa
−λa
)
& Rξ : ξ → −ξ , (2.16)
so that S(+ξ)
R−→ S(−ξ) Rξ−−→ S(+ξ) where we have made the sign of the FI parameter
manifest. This ensures the N = 2 supersymmetry of our action as follows (see
also Appendix A in 7)). By construction, the action is invariant under the first
supersymmetry δη1S
(+ξ) = 0. Acting R on it, we have
δη1S
(+ξ) = 0
R−→ R(δη1)S(−ξ) = 0
Rξ−−→ R(δη1)S(+ξ) = 0 , (2.17)
which implies that the resulting R-invariant action is invariant under the second
supersymmetry δη2 ≡ R(δη1) as well.
In 7), we find that the action is invariant under R-action, and thus N = 2
supersymmetric, if
τab = Fab , W = eA0 +mF0 . (2.18)
The R-action on the auxiliary fields are
F a + gac
∗
∂c∗W
∗ → F ∗b + gdb∗∂dW , Dc + 1
2
gcdPd → − (Dc + 1
2
gcdPd) (2.19)
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or equivalently, Fˆ a → Fˆ ∗a , Dˆa → −Dˆa, which are consistent with the R-action on
the fermions.
§3. N = 2 supersymmetry transformation
We construct the second supersymmetry transformation by applying the R-
action on the first supersymmetry transformation
δη1A
a =
√
2η1ψ
a , δη1ψ
a = i
√
2σmη¯1DmAa +
√
2η1F
a ,
δη1v
a
m = iη1σmλ¯
a − iλaσmη¯1 , δη1λa = σmnη1vamn + iη1Da . (3.1)
The R-action on the fields is summarized as
λ aI ≡
(
λa
ψa
)
−→
(
ψa
−λa
)
≡ λIa = ǫIJλJa , ǫ12 = ǫ21 = 1 , (3.2)
F a = Fˆ a − gab∗∂b∗W ∗ −→ Fˆ ∗a − gab∗∂b∗W ∗ , (3.3)
Da = Dˆa − (τ−12 )ab(
1
2
Pb +
√
2ξδ0b ) −→ −Dˆa − (τ−12 )ab(
1
2
Pb −
√
2ξδ0b ) (3.4)
while Aa and vam are R-invariant. For δA
a and δvam (δ = δη1 + δη2) to be R-
invariant, the supersymmetry parameters η1 and η2 must form a doublet ηI ≡(
η1
η2
)
→
(
η2
−η1
)
≡ ηI = ǫIJηJ . As a result, we obtain the N = 2 supersym-
metry transformation
δAa =
√
2ηJλ
Ja , (3.5)
δvam = iηJσmλ¯
Ja − iλ aJ σmη¯J , (3.6)
δλ aJ = (σ
mnηJ)v
a
mn +
√
2i(σmη¯J)DmAa + i(τ ·Da)JKηK −
1
2
ηJf
a
bcA
∗bAc, (3.7)
where τ are Pauli matrices, and 3-dimensional vector Da is given by
Da = Dˆ
a −
√
2gab
∗
∂b∗
(
EA∗0 +MF∗0
)
, (3.8)
Dˆ
a
= (Dˆa1 , Dˆ
a
2 , Dˆ
a
3) = (
√
2Im Fˆ a,−
√
2Re Fˆ a, Dˆa), (3.9)
E = (0, −e, ξ) , M = (0, −m, 0) . (3.10)
This would be SU(2) covariant if Da transformed as a triplet. In reality, the rigid
SU(2) has been gauge fixed by making E and M point to specific directions.
Under the symplectic transformation, Ω =
(
A0
F0
)
→ ΛΩ, Λ ∈ Sp(2,R),
(−M
E
)
changes to
(−M′
E ′
)
= Λ−1
(−M
E
)
. So the electric and magnetic charges are inter-
changed (E ′,M′) = (M,−E) when Λ =
(
0 −1
1 0
)
. This explains the name of the
electric and magnetic FI terms (see §7).
The Da is not real but complex, Im Da = δa0(−
√
2m) (0, 1, 0) . As is seen in
subsection 4.2, this is necessary for the partial supersymmetry breaking.
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§4. Analysis of vacua
We examine vacua of the model and find that the N = 2 supersymmetry and the
U(N) gauge symmetry are partially broken to N = 1 and ∏i U(Ni), respectively.
The scalar potential of our model is given by V ≡ −Lpot
V = 1
8
gabPaPb + 1
2
gabD˜
a · D˜∗b ,

Pa ≡ gabPb = −ifabcA∗bAc ,
D˜
a ≡ −√2gab∗∂b∗(EA∗0 +MF∗0 )
=
√
2gab
∗
(0, ∂b∗W
∗,−ξδ0b ) .
(4.1)
We require the positivity of the metric. The first term vanish when 〈Ar〉 = 0, where
A = Aata ≡ Aiti +Artr with ti(tr) ∈ (non-)Cartan. The vacua are specified by8)
〈 ∂V
∂Aa
〉 = i
4
〈FabcDb ·Dc〉 = 0 . (4.2)
This determines the vacuum expectation value 〈〈Ai〉〉.
Let Eij (i, j = 1, · · · , N) be the fundamental matrix, which has 1 at the (i, j)-
component and 0 otherwise. u(N) generators are given by
Cartan : Hi = Eii , tr(Hi)
2 = 1 (4.3)
non-Cartan :
{
E+ij =
1
2(Eij + Eji)
E−ij = − i2(Eij − Eji)
(i 6= j) , E±ij = ±E±ij , tr(E±ij )2 =
1
2
(4.4)
and A is expanded as A = Aiti+A
rtr = A
iHi+
1
2(A
ij
+E
+
ij+A
ij
−E
−
ij ) with A
ij
± = ±A
ij
± .
The ordinary Cartan generators ti and Hi above are related by ti = Oi
jHj.
For concreteness, we consider the prepotential
F =
∑
ℓ=0
Cℓ
ℓ!
TrΦℓ . (4.5)
Non-vanishing 〈Fab〉 and 〈Fabc〉 are
〈Fii〉 , 〈F±ij,±ij〉 ≡ 〈∂2F/∂Φij±∂Φ
ij
±〉 , 〈Fiii〉 , 〈Fi,±ij,±ij〉 , 〈Fj,±ij,±ij〉 , (4.6)
and so the metric 〈gab〉 is diagonal. The vacuum condition reduces to
0 = 〈FiiiDi ·Di〉 ∀i (4.7)
because 〈Dr〉 ∼ 〈grs(Eδ0s +MF∗0s)〉 = 0 . The points specified by 〈Fiii〉 = 0 are not
stable vacua because 〈∂i∂i∗V〉 = 0. At the stable vacua, we have
〈Di ·Di〉 = 0 where 〈Di〉 = Oij〈Dj〉 = 2√
N
(
0, e+
1
2
m〈F∗ii〉, −ξ
)
. (4.8)
We have determined the vacuum expectation values 〈〈 〉〉
〈〈Fii〉〉 = −2
(
e
m
± i ξ
m
)
(4.9)
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and thus
〈〈gii〉〉 = ∓2 ξ
m
, 〈〈Di〉〉 = m√
N
(0,−i,±1) . (4.10)
The positivity of the metric implies ∓ ξ
m
> 0, so that on the vacua, we have
〈〈V〉〉 = ∓2mξ = 2|mξ|. (4.11)
4.1. Gauge symmetry breaking
Let 〈〈A〉〉 be
〈〈A〉〉 = diag(
N1︷ ︸︸ ︷
λ(1), · · · , λ(1),
N2︷ ︸︸ ︷
λ(2), · · · , λ(2), · · · ) ,
∑
i
Ni = N (4.12)
where λ(k) are complex roots of (4.9), then U(N) is broken to
∏
i U(Ni), because
[E±jk, 〈A〉] = ∓i(λj − λk)E∓jk . (4.13)
Unbroken ΠiU(Ni) is generated by tα ∈ {ta|[ta, 〈〈A〉〉] = 0}, while broken ones by
tµ ∈ {ta|[ta, 〈〈A〉〉] 6= 0}. As will be seen in the next section, the mass spectrum is
expressed in terms of unbroken tα and broken tµ, only. For later use, we note that
for a given tµ, there exists a unique tµ˜ such that [tµ, 〈A〉] ∼ tµ˜, which implies that
f µ˜µiλ
i = −fµµ˜iλi .
4.2. Partial supersymmetry breaking
The supersymmetry transformation of fermions reduces on the vacua to
〈〈δλI i〉〉 = i〈〈(τ ·Di)IJ〉〉ηJ while 〈〈δλI r〉〉 = 0 (4.14)
because 〈〈Dr〉〉 = 0. Note that 〈〈det(τ ·Di)〉〉 = −〈〈Di ·Di〉〉 = 0, thus supersymme-
try is partially broken on the vacua. In fact
〈〈 1√
2
δ(λi ± ψi)〉〉 = ±im
√
2
N
(η1 ∓ η2) , 〈〈 1√
2
δ(λi ∓ ψi)〉〉 = 0 . (4.15)
The former implies that 〈〈 1√
2
δ(λi ± ψi)〉〉 = ±2imδi0(η1 ∓ η2). As will be seen soon,
1√
2
(λ0±ψ0) is massless and thus is the Nambu-Goldstone (NG) fermion for the partial
breaking of N = 2 supersymmetry to N = 1. We note that partial supersymmetry
breaking is possible only if Im 〈〈Da〉〉 6= 0.
§5. Mass spectrum
5.1. fermion mass spectrum
We find that the fermion mass term reduces to
〈〈LYukawa〉〉 = 1
2
λαI(Mαα)I
JλαJ +
1
2
λµI(Mµν)I
JλνJ + c.c. (5.1)
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Mαα =
√
N
2
〈〈F0αα〉〉(τ · 〈〈Dα〉〉) = m
2
〈〈F0αα〉〉
( ±1 −1
1 ∓1
)
, (5.2)
Mµµ˜ = −Mµ˜µ = 1√
2
〈〈gµµ〉〉fµµ˜kλ∗k
(
1 0
0 1
)
. (5.3)
Because detMαα = 0, the fermions λ
α
J contain massless modes, while all of the
fermions λµJ are massive. Taking the normalization of the kinetic terms into account,
we find fermion masses on the vacua
field mass label # of polarization states
1√
2
(λα ± ψα) 0 A 2du
1√
2
(λα ∓ ψα) |m〈〈gααF0αα〉〉| B 2du
λ
µ
I
1√
2
|f µ˜µiλ∗i| C 4(N2 − du)
(5.4)
where du ≡ dim
∏
i U(Ni). We obtain the NG fermion
1√
2
(λ0 ± ψ0) associated with
the overall U(1) part.
5.2. boson mass spectrum
Gauge boson mass term emerges from the kinetic term
− 〈〈Lkin〉〉 = 1
4
〈〈gaa′〉〉fabcvbmλcfa
′
b′c′v
b′
mλ
∗c′ =
1
4
|f µ˜µiλi|2vµmvmµ , (5.5)
which implies that vµm are massive while vαm massless. The scalar mass term is
extracted by substituting Aa = 〈〈Aa〉〉+ δAa into V
〈〈∂a∂b∗V〉〉δAaδA∗b + 1
2
〈〈∂a∂bV〉〉δAaδAb + 1
2
〈〈∂a∗∂b∗V〉〉δA∗aδA∗b ≡ 1
2
−−→
δAa†Mab
−−→
δAb
(5.6)
where
−−→
δAa ≡ ( δAa
δA∗a
)
and
Mαα = m
2〈〈gαα|F0αα|2〉〉
(
1 0
0 1
)
, (5.7)
Mµµ =
1
2
〈〈gµ˜µ˜〉〉
(
|f µ˜µiλi|2 −(f µ˜µiλi)2
−(f µ˜µiλ∗i)2 |f µ˜µiλi|2
)
=
1
2
〈〈gµ˜µ˜〉〉T−1
(
0 0
0 2|f µ˜µiλi|2
)
T .(5.8)
The massless mode (T
−−→
δAµ)1 is absorbed into v
µ
m as the longitudinal mode to form
massive vector fields. The resulting boson mass spectrum is summarized as
field mass label # of polarization states
vαm 0 A 2du
Aα |m〈〈gααF0αα〉〉| B 2du
vµm
1√
2
|f µ˜µiλi| C 3(N2 − du)
(T
−→
Aµ)2
1√
2
|f µ˜µiλi| C N2 − du
(5.9)
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Due to the N = 1 supersymmetry on the vacua, the modes in (5.4) and (5.9)
form N = 1 multiplets as follows. First, fields labelled by A, ( 1√
2
(λα ± ψα), vαm),
form massless N = 1 vector multiples of spin(12 , 1). Secondly, those labelled by
B, (Aα, 1√
2
(λα ∓ ψα)), form massive N = 1 chiral multiplets of spin(0, 12). Finally
those labelled by C, ((T
−→
Aµ)2,λ
µ
I , v
µ
m), form two massive N = 1 vector multiplets of
spin(0, 12 , 1). The masses for these multiplets are depicted in Figure 1.
1/ 2 1- 1/ 2- 1
ass
h
0
mA
1/ 2 1- 1/ 2- 1
ass
Sz
0
mB
1/ 2 1- 1/ 2- 1
ass
Sz
0
mC
Fig. 1. N = 1 supermultiplets
§6. Supercurrents and “central charge”
U(1)R transformation is given by
R : Φ(x, θ, θ¯)→ eiαΦ(x, e−iα2 θ, θ¯), Wα(x, θ, θ¯)→Wα(x, e−iα2 θ, θ¯). (6.1)
If F transforms as weight two, R : F → e2iαF , then our action is invariant under R
and the associated U(1)R current J
m is
θσmθ¯ J
m ≡ θJθ¯ = (τ2)ab
(
θ¯λ¯
Ia
θλI
b + iA∗aθ
↔
Dm σmθ¯Ab
)
≡ (τ2)ab
(
θ¯jabθ
)
.(6.2)
Acting a supersymmetry transformation on this we obtain N = 2 supercurrents21)22)
ηJS
(J)m + η¯J S¯
(J)m
= −1
2
(τ2)ab tr(σ¯
m δjab) (6.3)
where tr is for spinor indices.
Though the R-current is not conserved for general F , we can construct a con-
served N = 2 supercurrent as a broken N = 2 supermultiplet of currents. We write
F = ∑n hnC(n)(Aa) where C(n)(Aa) are n-th order U(N) invariant polynomials in
Aa and hn are their coefficients. First, we assign weight (2 − n) to hn. Then the
weight of F can be regarded as two. The local U(1)R variation of L implies
∂m
(
−1
2
trσ¯mJ
)
= i
(∑
n
(n− 2) ∂
∂hn
)
L ≡ ∆hL . (6.4)
Acting the supersymmetry transformation on it, and noting that δL = ∂mXm with
some Xm and that ∆h∂mX
m = ∂m∆hX
m, we obtain a general construction of the
conserved N = 2 supercurrents of our model;
ηJS
(J)m + η¯J S¯
m
(J) ≡ −
1
2
tr(σ¯mδJ)−∆hXm. (6.5)
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The term ∆hX
m is not universal but depends on the concrete form of F . It should
be difficult to find the universal coupling to supergravity.
Further action of the supersymmetry transformation generates
θδδJθ¯ = 8mξ θ¯η¯ τ1 ηθ + · · · , (6.6)
from which we can read off the constant matrix CI
J in (1.1) as CI
J = +4mξ(τ 1)I
J .
§7. N = 2 U(N) gauge model coupled with N = 2 hypermultiplets
In this section we provide a manifestly N = 2 supersymmetric formulation of
the N = 2 U(N) gauge model coupled with N = 2 hypermultiplets.10) For this we
work in harmonic superspace11) R4|8 × S2 parametrized by
(xmA , θ
±, θ¯±, u±I ) = (x
m − 2iθIσmθ¯Ju+(Iu−J), θIu±I , θ¯Iu±I , u±I ) (7.1)
in the analytic basis. u±I are harmonic variables parametrizing S
2 = SU(2)/U(1)
(u+I , u
−
I ) ∈ SU(2) , u+Iu−I = 1 , u+I = u−I . (7.2)
We introduce an N = 2 vector multiplet V ++(xm, θ+, θ¯+) = V ++ata transform-
ing as adjoint under U(N). V ++ is composed of a complex scalar A, a vector vm,
an SU(2) doublet Weyl spinor λiα and an auxiliary field D
IJ . DIJ = εJKD
IK =
iDA(τA)
I
J is an SU(2) matrix and D
A is a real three-vector DA = DA. By using
the field strength W of V ++ the action for V ++ is constructed as
SV = − i
4
∫
d4x
[
(D)4F(W )− (D¯)4F¯(W¯ )] , (7.3)
where (D)4 = 116 (D
+)2(D−)2 and D± are the spinor harmonic derivatives.11) A’s
parametrize the special Ka¨hler geometry with the Ka¨hler metric gab = Im (Fab|)
where Fab···| means Fab··· evaluated at θ± = θ¯± = 0. The metric admits U(N)
isometry generated by Killing vectors with the Killing potential Pa = −ifabcA¯bAc.
The N = 2 hypermultiplet q+ is composed of an SU(2) doublet complex scalar
f I , a pair of SU(2) singlet spinors and infinitely many auxiliary fields. We introduce
two sets of N = 2 hypermultiplets, Nf hypermultiplets q+u (u = 1, · · · , N) and
Na hypermultiplets q
+a (a = 0, 1, · · · , N2 − 1) which transform as fundamental
representation and adjoint representation under U(N), respectively. We suppress
flavor indices below. The U(N) gauged action is given by (ω-hypermultiplets are
also included in ref.10))
Sgaugedq = −
∫
dudζ(−4)
[
q˜+u D++q+u + q˜+a D++q+a
]
(7.4)
where the tilde denotes the analyticity preserving conjugation.11) The covariant
derivative is defined as D++q+µ = D++q+µ + iV ++a(Ta)µνq+ν where D++ is the
harmonic derivative11) and
(Ta)
µ
ν =
{
(ta)
u
v for fundamental q
+
ad(ta)
b
c = if
b
ac for adjoint q
+ . (7.5)
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The U(N) isometry gauged above is generated by Killing vectors with Killing po-
tentials { QˆIJa = QIJa |Ta=ta
QˇIJa = QIJa |Ta=ad(ta)
where QIJa = if¯ (Iµ (Ta)µνfJ)ν . (7.6)
Next we introduce the electric and magnetic FI terms. The electric FI term is
given by
Se =
∫
dudζ(−4)tr(Ξ++V ++) + c.c. =
∫
d4xξIJD0IJ + c.c. (7.7)
where Ξ++ = ξIJu+I u
+
J is the electric FI parameter. The effect of this term is to
shift the dual auxiliary field DaIJD in W
a
D ≡ Fa by an imaginary constant, DaIJD →
DaIJD +8iξ
IJ
D δ
a
0 . We introduce the magnetic FI term so as to shift the auxiliary field
DaIJ in W a by an imaginary constant, DaIJ → DaIJ = DaIJ + 4iξIJδa0 . By this,
the N = 2 supersymmetry transformation law δηλaI = (Da)IJηJ + · · · changes to
δηλ
aI = (Da)I Jη
J + · · · , under which the total action
S = SV + S
gauged
q + Se + Sm (7.8)
is invariant. It is straightforward to see that the magnetic FI term of the form
Sm =
∫
d4x
[
(D)4ξIJD θIθJ
(F0 + 2iF00ξKLD θKθL)+ 2iQˆIJ0 ξDIJ]+ c.c. (7.9)
causes the imaginary constant shift of the auxiliary field
SV + S
gauged
q + Sm =
(
SV + S
gauged
q
)∣∣∣
D→D
(7.10)
where |D→D means the replacement DaIJ → DaIJ (DaIJ → D¯aIJ ). We find that
in the presence of hypermultiplets in the fundamental representation of the gauge
group U(N), the magnetic FI term develops an additional term which overcomes
the difficulty in coupling fundamental hypermultiplets with the APT model. The
adjoint scalars do not appear in (7.9) because ad(t0) = 0.
It is straightforward to eliminate infinitely many auxiliary fields in q+ and the
auxiliary field D in V ++ and obtain the scalar potential
V = 1
4
gabD
aIJ |D¯bIJ |+ gabPaPb + 2i(ξIJ + ξ¯IJ)(ξDIJ − ξ¯DIJ)
+f Iu(A¯A+AA¯)
u
vf
Iv + f Ia(A¯A+AA¯)
a
bf
Ib (7.11)
where
DaIJ | = −2gab
[
(ξIJ + ξ¯IJ)δ0b + (ξ
IJ
D + ξ¯
IJ
D )F¯0b|+ QˆIJb + QˇIJb
]
.
The vacua are determined by V and exhibit various phases. On the Coulomb phase
〈〈Ai〉〉 6= 0, 〈〈Ar〉〉 = 〈〈f Iu〉〉 = 〈〈f Ir 〉〉 = 0 and thus 〈〈QˆIJb 〉〉 = 〈〈QˇIJb 〉〉 = 0. In this way
we have arrived at the vacuum condition for N = 2 U(N) gauge model without
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hypermultiplets, 〈〈∂AaV〉〉 = i4〈〈Fabc|DbADcA〉〉 = 0. Let us examine the case with
F =∑n cnn! trW n for concreteness. Then it further reduces to∑
A
〈〈DiADiA〉〉 = 0 , i = 1, · · · , N . (7.12)
It is easy to show that by fixing SU(2) appropriately 〈〈Fii〉〉 = −2( em ± i ξm ) in (4.9)
can be reproduced. On the vacua the supersymmetry transformations of fermions
are found to be trivial except for
〈〈δλiI〉〉 = i〈〈DiA〉〉(τA)I JηJ . (7.13)
On the other hand the mass term of λiI is
− i
4
〈〈FiiiDiA〉〉λiI(τ2τA)IJλiJ . (7.14)
Because (7.12) implies that detDiIJ = 0, a half of the fermions λ
iI , I = 1, 2, say
U1Jλ
iJ with a constant matrix U IJ , is massless but has a nontrivial supersymme-
try transformation. In the ordinary basis spanned by matrices ta, this means that
U1Jλ
0J is the NG fermion for partial supersymmetry breaking.
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